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We derive an alternative to the Wetterich-Morris-Ellwanger equation by means of the two-particle
irreducible (2PI) effective action, exploiting the method of external sources due to Garbrecht and
Millington. The latter allows the two-point source of the 2PI effective action to be associated
consistently with the regulator of the renormalization group flow. We show that this procedure
leads to a flow equation that differs from that obtained in the standard approach based on the
average one-particle irreducible effective action.
The effective action [1, 2] provides a powerful frame-
work for describing the nonperturbative behavior of
quantum mechanical systems, having been employed
extensively in both the relativistic and nonrelativistic
regimes. Once extended by the introduction of a reg-
ulator, which allows us to integrate in only a continuous
subset of momentum modes above a given energy scale
k, the so-called average one-particle irreducible (1PI) ef-
fective action [3] yields a self-consistent equation, due
to Wetterich [4], Morris [5] and Ellwanger [6] (see also
Ref. [7] by Reuter in the context of gravity), for the renor-
malization group (RG) flow of the effective action (for
reviews, see Refs. [8–11]). This flow equation has been
used to study critical phenomena [12–14] (cf. Ref. [15]),
to illustrate the emergence of the Maxwell construction
in theories with spontaneous symmetry breaking [16]
(cf. Ref. [17]), and to derive the beta functions and iden-
tify the fixed points of various interacting quantum field
theories, notably in the context of the on-going asymp-
totic safety program of quantum gravity [18–22] (for re-
views, see Refs. [23–26]), as initiated by Weinberg [27].
In this letter, we derive an alternative flow equation
from the 2PI effective action by means of the method of
external sources due to Garbrecht and Millington [28].
We show that the resulting flow equation differs to that
derived from the average 1PI effective action, suggesting
there exists an ambiguity in the “correct” choice of ex-
act flow equation. The procedure presented here does
not amount to a 2PI generalization of the average 1PI
effective action, cf., e.g., Refs. [9, 29].
The 2PI effective action [2]
Γ2PI[φ,∆] = W [J ,K]+Jxφx+
1
2
Kxy (φxφy + ~∆xy) (1)
is the Legendre transform of the Schwinger function
W [J ,K] = −~ lnZ[J ,K] (2)
with respect to the sources J and K, where
Z[J ,K] =
∫
DΦ exp
[
− 1
~
(
S[Φ]− JzΦz −
1
2KzwΦzΦw
)]
(3)
is the source-dependent Euclidean path integral for the
theory with classical action S[Φ]. We employ the De-
Witt notation throughout, wherein repeated continuous
indices are integrated over, i.e. Jxφx ≡
∫
d4xJ (x)φ(x).
The sources J and K are functionals of the conju-
gate variables φ and ∆, i.e. Jx ≡ Jx[φ,∆] and Kxy ≡
Kxy[φ,∆], defined via the partial functional variations
δΓ2PI[φ,∆]
δφx
= Jx +Kxyφy, (4a)
δΓ2PI[φ,∆]
δ∆xy
=
~
2
Kxy. (4b)
The conjugate variables are respectively the connected
one- and two-point functions
φx = −
δW [J ,K]
δJx
, (5a)
~∆xy = −2
δW [J ,K]
δKxy
− φxφy, (5b)
which are, in corollary, functionals of the sources J and
K, i.e. φx ≡ φx[J ,K] and ∆xy ≡ ∆xy[J ,K].
We can proceed perturbatively by performing a saddle-
point evaluation of the path integral in Eq. (3). The
saddle points {ϕ} satisfy the stationarity condition
δS[Φ]
δΦx
∣∣∣∣
Φ=ϕ
− Jx[φ,∆]−Kxy[φ,∆]ϕy = 0, (6)
indicating that ϕ is itself a functional of φ and ∆, and
thereby also J and K, i.e. {ϕ} ≡ {ϕ}[φ,∆]. The place-
ment of the functional arguments reflects the fact that
both the number and nature of the saddle points depend
on the configuration (φ,∆), see Ref. [30].
In the approach of Ref. [28], and in the case of a sin-
gle saddle point, the stationarity condition in Eq. (6),
combined with the variation in Eq. (4a), can be used
to constrain the linear combination Jx + Kxyφy of the
sources. This, however, provides only one constraint, and
we are free to choose the other, fixing, for instance, the
form of the two-point source Kxy. If we choose this con-
straint to be the Schwinger-Dyson equation then we re-
2cover the standard Cornwall-Jackiw-Tomboulis 2PI effec-
tive action [2], with the exception that the saddle-point
configuration is driven towards the quantum-corrected
trajectory of the system. The latter feature is particu-
larly relevant in the case of false vacuum decay in the-
ories with radiatively generated spontaneous symmetry
breaking (see Refs. [28, 31, 32]), for instance, via the
Coleman-Weinberg mechanism [33]. Alternatively, we
can constrain the two-point source to be local, i.e. tak-
ing Kxy = Kxδ
4(x− y), giving the two-particle point-
irreducible (2PPI) effective action of Verschelde and Cop-
pens [34]. If, in the case of global symmetries, we instead
use the Ward identities to constrain the two-point source
in perturbative truncations of the effective action, we ob-
tain results in the spirit of the symmetry-improved 2PI
effective action of Pilaftsis and Teresi [35].
In this letter, we will choose the two-point source to be
the regulator of the RG evolution and find that this pro-
cedure does not reproduce the well-known flow equation
due to Wetterich [4], Morris [5] and Ellwanger [6].
The standard derivation of the exact flow equation fol-
lows from the average 1PI effective action
Γ1PIav [φ,R
(k)] = W [J ,R(k)] + Jxφx +
1
2
φxR
(k)
xy φy, (7)
where Jx ≡ Jx[φ] and
φx = −
δW [J ,R(k)]
δJx
. (8)
The regulator R
(k)
xy [36] appears in the path inte-
gral Z[J ,R(k)], as defined in Eq. (3), leading to
the scale-dependent Schwinger function W [J ,R(k)] ≡
−~ lnZ[J ,R(k)], whose variation with respect to the
scale k yields the Polchinski equation [37]. Notice that
no extremization is taken with respect to the regulator.
If φ is to remain a free variable, independent of the
scale k, it follows from Eq. (8) that
∂kφx = −∂k
δW [J ,R(k)]
δJx
!
= 0, (9)
and Jx ≡ J
(k)
x [φ] must therefore be a function of k.
Varying Eq. (7) with respect to the scale k then gives
∂kΓ
1PI
av [φ,R
(k)] = ∂kW [J
(k),R(k)] + φx∂kJ
(k)
x
+
1
2
φx∂kR
(k)
xy φy, (10)
and the derivative of the Schwinger function is
∂kW [J
(k),R(k)] =− φx∂kJ
(k)
x
−
1
2
(
~∆(k)xy + φxφy
)
∂kR
(k)
xy , (11)
where we have defined the connected two-point function
∆(k)xy = −
δ2W [J (k),R(k)]
δJ
(k)
x δJ
(k)
y
. (12)
Substituting Eq. (11) back into Eq. (10), we obtain
∂kΓ
1PI
av [φ,R
(k)] = −
~
2
Tr
(
∆(k) ∗ ∂kR
(k)
)
, (13)
where the asterisk indicates a spacetime convolution,
i.e. ∆(k) ∗ R(k) ≡ ∆
(k)
xyR
(k)
yz . Equation (13) is the well-
known flow equation of the functional RG.
All of the information about the dynamics of an inter-
acting system is encoded in the infinite set of its n-point
functions, and the coupled system of equations that these
functions satisfy can be derived from the nPI effective
action. In the case of the RG flow, we are interested
in knowing how this set of n-point functions changes
with scale. Since the flow equation of the functional
RG is concerned with the change in the 2-point func-
tion with scale, it seems reasonable therefore that the
starting point should be the 2PI effective action.
The variation of the 2PI effective action with respect
to the scale k is given by
∂kΓ
2PI[φ,∆] =
δΓ2PI[φ,∆]
δφx
∂kφx +
δΓ2PI[φ,∆]
δ∆xy
∂k∆xy.
(14)
Again imposing that
∂kφx = −∂k
δW [J ,K]
δJx
= 0, (15)
and making use of Eq. (4a), we have that
∂kΓ
2PI[φ,∆] =
~
2
Kxy[φ,∆]∂k∆xy. (16)
Choosing Kxy[φ,∆] ≡ K
(k)
xy [φ,∆] = R
(k)
xy to be the regu-
lator, Eq. (15) fixes Jx ≡ J
(k)
x [φ,∆], and we obtain
∂kΓ
2PI[φ,∆] =
~
2
Tr
(
R(k) ∗ ∂k∆
)
. (17)
We emphasize that the above restriction of the sources
Jx and Kxy fixes the two-point function ∆xy ≡ ∆
(k)
xy [φ]
to be a functional of φ, having the defining equation
∆(k),−1xy = S
(2)
xy [φ]−R
(k)
xy +O(~), (18)
where
S(2)xy [φ] ≡
δ2S[Φ]
δΦxδΦy
∣∣∣∣
Φ=φ
. (19)
The above procedure differs from that of Ref. [38], which
would amount here to the introduction of a source con-
jugate to the composite operator φxR
(k)
xy φy.
The procedures that we have described lead to two
distinct flow equations:
∂kΓ
1PI
av [φ,R
(k)] = −
~
2
STr
(
∆(k) ∗ ∂kR
(k)
)
, (20a)
∂kΓ
2PI[φ,∆(k)] = +
~
2
STr
(
R(k) ∗ ∂k∆
(k)
)
, (20b)
3average 1PI 2PI
Γ1PIav [φ,R
(k)] = W [J (k)[φ],R(k)] + J
(k)
x [φ]φx +
1
2
R
(k)
xy φxφy
Γ2PI[φ,∆(k)] =W [J (k)[φ,∆(k)],K(k)[φ,∆(k)]]
+ Jx[φ,∆
(k)]φx +
1
2
K
(k)
xy [φ,∆
(k)]
(
φxφy + ~∆
(k)
xy
)
φx = −
δW [J (k)[φ],R(k)]
δJ
(k)
x [φ]
φx = −
δW [J (k)[φ,∆(k)],K(k)[φ,∆(k)]]
δJ
(k)
x [φ,∆(k)]
~∆
(k)
xy = −2
δW [J (k)[φ],R(k)]
δR
(k)
xy
− φxφy
= −~
δ2W [J (k)[φ],R(k)]
δJ
(k)
x [φ]δJ
(k)
y [φ]
~∆
(k)
xy = −2
δW [J (k)[φ,∆(k)],K(k)[φ,∆(k)]]
δK
(k)
xy [φ,∆(k)]
− φxφy
= −~
δ2W [J (k)[φ,∆(k)],K(k)[φ,∆(k)]]
δJ
(k)
x [φ,∆(k)]δJ
(k)
y [φ,∆(k)]
δΓ1PIav [φ,R
(k)]
δφx
= J
(k)
x [φ] +R
(k)
xy φy
δΓ2PI [φ,∆(k)]
δφx
= J
(k)
x [φ,∆
(k)] + K
(k)
xy [φ,∆
(k)]φy
δΓ1PIav [φ,R
(k)]
δR
(k)
xy
= − ~
2
∆
(k)
xy
δΓ2PI[φ,∆(k)]
δ∆
(k)
xy
= + ~
2
K
(k)
xy [φ,∆
(k)]
∆
(k),−1
xy = S
(2)
xy [φ]−R
(k)
xy +O(~) ∆
(k),−1
xy = S
(2)
xy [φ]−K
(k)
xy [φ,∆
(k)] +O(~)
∂kΓ
1PI
av [φ,R
(k)] =
δΓ1PIav [φ,R
(k)]
δφx
∂kφx +
δΓ1PIav [φ,R
(k)]
δR
(k)
xy
∂kR
(k)
xy ∂kΓ
2PI[φ,∆(k)] =
δΓ2PI [φ,∆(k)]
δφx
∂kφx +
δΓ2PI [φ,∆(k)]
δ∆
(k)
xy
∂k∆
(k)
xy
TABLE I. Comparison of the average 1PI and 2PI effective actions, and their variations. The functional dependencies of the
sources have been included explicitly for clarity. We draw attention to the interchange of the roles played by R
(k)
xy ≡ K
(k)
xy [φ,∆]
and ∆
(k)
xy in the sixth and eighth rows due to the additional Legendre transform between the left and right columns.
wherein we have promoted the trace to a supertrace over
the spacetime indices and any additional internal indices
for generality. In Eq. (20a), the flow of the effective action
depends directly on the scale dependence of the regula-
tor. In Eq. (20b), the flow of the effective action instead
depends only indirectly on the scale dependence of the
regulator, through the scale dependence of the two-point
function. In other words, the introduction of the regu-
lator always causes a flow of the average 1PI effective
action, but the 2PI effective action flows only if the two-
point function responds to the regulator.
In order to go from the average 1PI effective action
to the 2PI effective action, we must perform an addi-
tional Legendre transform, adding to the former a term
~R
(k)
xy ∆
(k)
yx/2. The variation of this term with the scale k
accounts for the difference between the right-hand sides
of Eqs. (20a) and (20b). A comparison of the two proce-
dures is given in Tab. I. The two results coincide if
∂kSTr
(
∆(k) ∗ R(k)
)
= 0, (21)
and we will show that this is not, in general, the case.
Before doing so, we remark on the convexity of the av-
erage 1PI and 2PI effective actions. It is well-known that
the nPI effective actions are convex with respect to the
convex conjugate variables to the sources. In the case of
the 2PI effective action, the convex conjugate variables
are φx and ~∆
′
xy = ~∆xy+φxφy , see Ref. [30]. It follows
that, for a given choice of ∆xy ≡ ∆
(k)
xy , the 2PI effective
action need not be convex in the φ direction. This is
shown explicitly in the case of a zero-dimensional field
theory with spontaneous symmetry breaking in Ref. [30]
(see Fig. 3(a) therein). Hence, as is true of the average
1PI effective action, the 2PI effective action for a given
∆xy is not, in general, convex in the φ direction, as re-
quired for it to yield consistent RG evolution.
Returning to Eq. (21), and making use of Eqs. (18)
and (19), we can write
∆(k)xy ∂kR
(k)
yx = −∆
(k)
xy∂k∆
(k),−1
yx +O(~). (22)
Since ∂k∆
(k),−1
yx = −∆
(k),−1
yz
(
∂k∆
(k)
zw
)
∆
(k),−1
wx , we find
∂k
(
∆(k)xyR
(k)
yx
)
= S(2)xy [φ]∂k∆
(k)
yx +O(~), (23)
which is, in general, nonzero, such that there is a material
difference between the flow equations in Eq. (20). The
first term on the right-hand side of Eq. (23) can be seen as
a correction to the Wetterich-Morris-Ellwanger equation.
In summary, we have derived an alternative flow equa-
tion for the functional RG evolution, which differs from
the Wetterich-Morris-Ellwanger equation. While the for-
mer is derived from the average 1PI effective action, we
have instead employed a self-consistent procedure based
on the 2PI effective action. An extended discussion of
the differences in the resulting RG evolution for the λφ4
theory will be presented in a follow-up work.
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